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Lengths, Widths, Surfaces. A Portrait of Old Babylonian Algebra and Its Kin
By Jens Høyrup. New York (Springer-Verlag). 2002. ISBN 0-387-95303-5. 480 pages. $110
Jens Høyrup has changed the way we view Mesopotamian mathematics. Mathematicians are used to equivalences
and isomorphisms and the value that can be gained by translating problems and ideas from one domain to another.
Historians, especially historians of ideas, must be careful that when translating from one language and culture to
another, the translation is as faithful as possible. Concepts change over time and words do not have durable meanings.
This is true even in the abstract, ahistorical world of mathematical ideas.
Almost two decades ago, Høyrup began his analysis of Old Babylonian mathematics from ca. 2000 to 1600 B.C.
with a close examination of the technical vocabulary. He realized that within this corpus terms denoting mathematical
operations were used consistently in certain subtypes of problems, subject to issues of geography and time. For
example, he found that there were four different terms used to denote what we think of as multiplication. They were
not used interchangeably and when standard translations treated them all as “multiplication,” something was being
lost. That is, the translations were not injective.
In response, Høyrup developed a vocabulary for translating the texts from Akkadian and Sumerian into English
where each term is consistently translated by the same word. As far as possible, he also tries to respect Akkadian
grammar and word order; the result he calls a “conformal translation.” The casual reader may stumble, coming upon
such passages as “The surface and my confrontation I have accumulated: 45′ is it. 1, the projection you posit. The
moiety of 1 you break.” But in order to gain the most benefit from Høyrup’s work, we must be willing to make the
effort to penetrate his individual vocabulary. In making these demands on his audience, Høyrup is taking a stance
similar to that exemplified by the widely quoted recent dictum of Reviel Netz on the goal of translation: “the purpose
of a scholarly translation as I understand it is to remove all barriers having to do with the foreign language itself,
leaving all other barriers intact” [Netz, 2004, 3]. In particular, he leaves the intellectual barriers to understanding the
concepts of an alien culture intact. Although his technical vocabulary may represent a barrier to the beginner, Høyrup
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scribes.
The close attention to the deployment of mathematical terminology in Mesopotamia led Høyrup to the realization
that the then-current standard interpretation of Old Babylonian mathematics missed a concrete, physical type of geom-
etry underlying the numerical prescriptions of many of the problems, especially the quadratic ones. These problems
are the principal subject of his book under review (hereinafter referred to as LWS). The classic example illustrating this
geometrical approach, used many times by Høyrup himself, as well as by numerous other commentators, is the first
problem on BM 13901, a tablet housed in the British Museum. Translations from the era of Neugebauer (in German)
and Thureau-Dangin (in French) in the 1930s presented the problem as:
I added the area and the side of my square, it is 0;45. You put down 1, the coefficient. Break 1 in half. Multiply 0;30 and
0;30. Add 0;15 to 0;45. 1 is the square root of 1. Subtract the 0;30 that you multiplied from 1. The side is 0;30.1
The problem can be interpreted (and was) as solving an equation for the unknown side. Let x denote the side. Then
the problem is to solve the equation x2 + x = 0;45 for x. The steps of the procedure determine x by completing the
square. Adding 0;302 = 0;15 to each side gives x2 + x + 0;15 = (x + 0;30)2 = 1. Taking square roots of both sides
and subtracting the 0;30 again finds x. Neugebauer’s commentary on this problem is limited to giving the form of the
problem, x2 + x = a, the value of a, where a = 0;45, the formula of the solution, x =√(1/2)2 + a − 1/2, and the
resulting value of the solution, x = 0;30 [Neugebauer, 1935–1937, 10].
For the early translators, the value of the text was the light it shone on the “level” of mathematics exhibited
in the Old Babylonian period. They were trying to answer the question, “What did they know?” And the fact that
quadratic mathematics was known some 1500 years before Pythagoras was revelatory. As history moves on the ques-
tions change, and for Høyrup the question was not to determine what Mesopotamian scribes were doing in terms of
modern mathematics, but to uncover what they thought they were doing, that is, how the scribes themselves conceived
of the problems they wrote and solved.
To Høyrup, Neugebauer’s interpretation was deficient on several grounds. There is no x in the problem. There
are no equations. To present the entire problem as a static equation belies its procedural format. Even breaking the
solution down into steps, as I have done above, obscures the fundamental point. Høyrup’s insight, based upon his deep
readings of the texts, was that we should take the “completing the square” literally. That is, the area in the problem
is physically in front of you, and the breaking, subtracting, and adding involve physically moving pieces of the area
around. The diagram, though not appearing in the text, is fundamental to its solution.
Høyrup treats this problem as the first example in his book. His translation reads,
The surface and my confrontation I have accumulated: 45′ is it. 1, the projection, you posit. The moiety of 1 you break.
30′ and 30′ you make hold. 15′ to 45′ you append: by 1, 1 is equalside, 30′ which you have made hold in the inside of 1
you tear out: 30′ the confrontation. (p. 50)
The side, or “confrontation” for Høyrup, is to be conceived of not as a breadthless line, but as a line of unit width,
and the purpose of the “projection” is to give the side substance. The problem of the area plus side then gives us the
configuration in Fig. 1.
The next instruction is to tear in half the projecting line, “the moiety of 1 you break.” The piece torn off is moved
and adjoined to the square, creating a gnomon as in Fig. 2. Høyrup’s “making hold” is forming a square area from
two sides (not the same as multiplying two numbers). In this case, the operation literally completes the square, “quite
palpably,” as Høyrup puts it, see Fig. 3. Now the side, or “equalside,” of the large square so formed is determined.
1 Mesopotamian scribes employed a sexagesimal (base 60) place-value number system for the purposes of calculation. There are two main
conventions for translating sexagesimal numbers. The more common, due to Neugebauer, separates the sexagesimal places by commas and uses
a semicolon as a “sexagesimal point.” Thus 0;30 represents 30/60 = 1/2 and 30,0 represents 30 × 60 = 1800. Høyrup follows an alternative
tradition derived from astronomical notation of degrees, minutes, and seconds (which owes its heritage to the sexagesimal system) and was used
by Thureau-Dangin. In this case, 1/2 is written 30′ , and 1800 is represented by 30 . Both forms of translation require a determination of absolute
size not always explicit in the original.
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Fig. 2. Tearing off and moving the projection. Fig. 3. Completing the square.
Finally, the piece of the projection that was attached to the original square is torn out again, leaving the sought-after
side.
Høyrup’s geometric interpretation of this problem is certainly ingenious, but faced two barriers before it could be
accepted as a plausible paradigm for Old Babylonian quadratic mathematics. The first issue is the absence of direct
evidence: no diagrams of the sort described are known on any Old Babylonian mathematical tablet.
Høyrup does address this issue directly in a brief section of LWS (pp. 103–107), accepting that, with one partial
exception, “the texts never contain drawings that illustrate what goes on in the procedure,” whereas they sometimes do
have diagrams related to the statement of the problem. In defense of his interpretation, Høyrup points out the absence
of diagrams in other geometrical problems, and the fact that diagrams are rarely drawn to scale or with accurate
angles. That is, the diagrams that do exist encode information in ways that are not necessarily the same as we might
naively suppose. Further, procedure diagrams require erasures and the movement of lines, and this dynamic style is
more suited to some medium such as “sand spread over an even surface” than a permanent drawing on a clay tablet.
It is unfortunate that we have no documents or archaeological evidence bearing on this area of scribal practice.
While Høyrup’s direct comments on the absence of diagrams are necessarily somewhat defensive and unsatisfying,
the most important consequence is that he was forced to build an overwhelming case by the patient, detailed exam-
ination of indirect evidence. His case rests on his close linguistic analysis and the range of solution procedures that
seem to reflect such underlying configurations, what he terms “structural analysis.” That is, in many cases, there are a
number of different orders in which mathematical operations can be applied on the way to a solution, but the physical
diagrams restrict those choices, and the procedures described tend to follow those restrictions. Further, the terms used
for the operations reflect the physical interpretation of the problem. As the evidence is indirect and circumstantial, a lot
of it is needed, and it must be weighed carefully. This need to convince the reader of the correctness of his argument
frames Høyrup’s rhetorical strategy in LWS. He begins by reviewing the “standard interpretation” and stating, “it is
the purpose of the present book to replace this standard interpretation by a less modernizing reading (and to draw the
consequences that follow)” (p. 8). After giving a preliminary example illustrating his basic thesis, he concludes, “so
far this is nothing but a conceivable interpretation” (italics in original) and promises that “in the following we shall
see that it fits the whole Old Babylonian text corpus” (p. 14).
The second issue Høyrup faced was that the basic “tear off and move a projection, complete the square and solve”
procedure looks at first glance more like a trick for dealing with a particular, fairly obscure problem rather than a
general method. After all, problems involving (physical) squares do not come along very often, nor are they very
relevant to everyday practice. The need to tease out the geometrical method from linguistic criteria ensured that
Høyrup cast his net widely, and in so doing, showed that the geometrical approach was indeed a general method
underlying a great deal of Old Babylonian mathematics, if not quite “the whole Old Babylonian text corpus.” The
core of the book, Chapters 3, 5, and 6, comprising over 200 pages, consists of dozens of worked examples given in
transliteration and translation and furnished with extensive commentary attesting to the broad array of Old Babylonian
quadratic mathematics, fully justifying Høyrup’s geometric thesis.
About 150 Old Babylonian mathematical problem texts have been published and they fall into a variety of types.
In many cases, a problem is stated, but no solution is given; in others the solution is also given, but not the method by
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Among the remainder, some have only one or two problems; some have many. A few of the tablets have a series of
problems on the same topic, or using similar techniques, and some have a collection of diverse problems. It is also
worth recalling that many tablets are damaged and can be difficult to read and interpret.
In the fairly small corpus that remains, we are fortunate in having a tablet such as BM 13901. It contains a series
of 24 problems dealing with squares and their sides and so is a perfect exemplar for ringing the changes on problems
involving squares. Høyrup recently published a complete edition of this text [Høyrup, 2001]; here he treats 10 of the
24 problems. He begins Chapter 3 with a thorough presentation of the first problem, where there is an addition of a
side to the area, before treating the second, which features a subtraction. Høyrup points out significant features of the
terminology and shows again how the given procedure aligns with a geometric interpretation. The third problem is
already quite a bit more complex: a third of the area is “torn out” and only a third of the side is added. These types
of problems, where the coefficient of the area is not 1, Høyrup refers to as “non-normalized” problems. To obtain a
standard square, the figure is scaled, and then rescaled at the end, and we begin to see that the geometrical approach
is a general method, not a specific trick.
The description of the non-normalized problem gives Høyrup an opportunity to expand his repertoire into a more
core area of Old Babylonian mathematics: problems involving rectangles, including many reciprocal problems. The
next example he gives is of this sort, a reciprocal problem from YBC 6967. Here one side of a reciprocal rectangle
(i.e., a rectangle of area 1) exceeds the other by 7 and the problem is to find the two lengths. The procedure is to
treat the rectangle as composed of a square with sides the unknown width and a projecting length of 7. The projection
is torn in half and moved around and the figure completed to a square. The sides of that square are determined and
the 3;30 that was torn off is added to one and subtracted from the other to determine the original length and width
of the rectangle. Among other things, the subdivision of the rectangle clearly illustrates the “broad line” idea that
is pervasive but unstated in Mesopotamian mathematics. Later, after many more examples, Høyrup comments that
“rectangle problems should be seen as at least conceptually, perhaps also historically primary, and square problems as
secondary” (p. 173).
Høyrup uses his geometrical interpretation to elucidate some difficult points about the order of operations and
choice of terminology in the reciprocal problem, showing the strength of his approach. In the rest of the chapter, he
works through 14 more examples of problems, drawn from nine different texts. The problems include subdivisions
of squares and cubes; sums of areas with sums, differences, and more complicated combinations of their sides; rents
of two fields; and some examples from the Susa texts that do explain the steps taken, what Høyrup refers to as
“didactically explicit” texts. In each case, Høyrup supplies appropriate diagrams and interpretation.
Chapters 5 and 6 continue the detailed analysis of individual problems. Høyrup draws these problems from a further
26 texts, and covers numerous examples—one of the texts, YBC 4714, contains 39 problems. He divides the examples
into further “algebraic” ones, and, in Chapter 6, those he terms “quasi-algebraic geometry,” problems explicitly about
geometric objects, whether circles, triangles, or the favored trapezia. Many of these problems do come with diagrams
illustrating the setup of the problem.
One of the most widely used quadratic results is the Pythagorean theorem, or “Pythagorean rule,” as Høyrup prefers
to term it when it is used in Old Babylonian contexts. Among his quasi-algebraic geometric examples he includes
several that either use or presuppose a knowledge of the rule. For example, he includes BM 85196, Problem 9, the
earliest occurrence of the pole-against-a-wall problem (pp. 275–276). In this instance, a pole of length 30 has slid
down by 6 and the question is to find how far its base has moved out. The procedure squares 30, the length; subtracts
6 from 30 to find the height, 24; squares 24 and subtracts it from the square on the length; and then finds the square
root of the result to obtain 18, the distance the base of the pole has moved out. The second half of the problem treats
the base distance as known and finds how far the pole has slipped down. Note that the underlying Pythagorean triple
is a multiple of the basic 3–4–5, or, as it is most widely used in Old Babylonian mathematics, the 0;45–1–1;15 triple.
While his examples are of course chosen with an eye to his geometric interpretation of Old Babylonian mathemat-
ics, Høyrup gives full and detailed commentaries, both lexical and mathematical, of the problems he presents, thereby
touching on a great many other mathematical issues related to the study of Mesopotamian mathematics. The bringing
together of such a large sample of Old Babylonian problems in one place is a great boon to anyone who wants to
engage with modern readings and translations of this material and understand how interpretations have changed since
the earliest text editions. It must be stressed that Høyrup’s ideas are due to a reinterpretation of the meaning of Old
Babylonian terminology, to changing the meaning of the words, not to new readings of cuneiform signs. That is, in
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seem to have collated many of the tablets. It is at the level of translation that the difference between his understanding
and that of earlier generations appears.
In order to equip the reader with the necessary tools for understanding his translations, Høyrup includes a 25-page
summary of his interpretation of mathematical operations, the various types of addition, subtraction, multiplication,
and division, as well as structuration and the theory behind his technique of “conformal translation,” before the main
chapters on specific problems. The discussion is dense with Akkadian grammar and vocabulary and the assorted
Sumerograms often used by the scribes. The dominant language in Mesopotamia during the Old Babylonian period
was Akkadian, but much scribal training was based on learning the older Sumerian language and Akkadian words
were often written with Sumerian equivalents. Høyrup’s main concern here is to construct his injective translation
vocabulary and map it to the Akkadian source. While he explains his reasons behind his terminology, it is only in the
extensive examples of the subsequent chapters that the reader can see his ideas play out.
For example, Høyrup distinguishes two types of addition. The first is an “identity-conserving” one, where one term
is absorbed into the other, and which he translates as “to append.” The second, which “adds the measuring numbers
of two or more addends” and “does not presuppose the addition to be concretely meaningful,” he translates as “to
accumulate.”
Some examples will make this distinction more clear. For the first type of addition, scribes used the Akkadian verb
was
.
a¯bum (with the general meaning of “to increase in size,” and the root of the term for interest payable on a loan),
or a Sumerogram, dah
¯
, in its place. So, in the first problem of BM 13901, when the small square is added to the
gnomon, it is an appending, and Høyrup translates “15′ to 45′ you append” (for the Akkadian 15 a-na 45 tu-s
.
a-ab);
as this is a concretely meaningful conjoining of two areas. Similarly, in the reciprocal problem of YBC 6967, there is
an appended area, “To 12◦15′ which comes up for you 1 the surface append” (a-na 12,15 ša i-li-kum 1 a.šalam s
.
í-ib).
It is not just areas that can be appended. Lengths are appended at the end of YBC 6967, when the two sides of the
rectangle are computed. Again, in the trapezium problem of YBC 4675 (p. 246) (and in plenty of other examples)
lengths are added as “4 . . . to 2 UŠ you append.” In the “weighing stones” problems of YBC 4652 (see p. 305), where
fractions of the stone are added, it is an appending represented by the Sumerian dah
¯
.
The second type of addition is denoted by the verb kama¯rum (generally meaning “piling up”) and several Sumero-
grams. Høyrup translates this as “to accumulate.” For instance, the 10th problem of BM 13901 (p. 58) opens in
Høyrup’s translation as “The surfaces of my two confrontations I have accumulated: 21◦15′.” That is, the value of the
areas of the two squares is added and the total is 21◦15′, but we are not imagining that one area is being physically
merged with the other. The linkage between the two concepts is shown in the second problem of IM 52301 (p. 213),
another trapezium problem, where (two-thirds) of the upper and lower widths are “accumulated,” but the resulting
total is “appended” to 10 to build a new length. Most tellingly, for Høyrup, when the area and the side are added at
the beginning of the first problem of BM 13901, the addition is an accumulation, that is, the area and the side are not
being appended directly, until the “projection” has been posited, turning the length into a broad line.
In a similar vein, Høyrup distinguishes two types of subtractions, with different shades of meaning, and, most
importantly, four different operations that we subsume under the heading of multiplication. These different types of
multiplication, and especially the idea of “rectangularization,” that is, building a surface from two (adjacent) sides,
are crucial for his physical interpretation of the apparent arithmetic.
Høyrup’s linguistic analysis treats a wide corpus of Old Babylonian texts, and in general treats them as a single
source. These texts presumably originated over a couple of centuries and from a wide variety of locations. It is unclear
how much contact scribes living in different cities decades apart might have had, either directly or mediated through
texts accessible to people not in direct contact. Many texts present idiosyncracies and lexical issues that complicate
Høyrup’s narrative, and even more so the simplified version given here. In addition to the commentary on individual
problems, Høyrup devotes two chapters to treating this problematization. The unfortunate fact is that very few Old
Babylonian problem texts can be securely dated. None contain compositional dates (as some mathematical table
texts do), and archaeological dates depend on a precise context. As the great majority of tablets were bought on the
antiquities market, they have no archaeological provenance at all. Not only do we not know when they are from,
we often have little idea of where they are from either. Following Goetze’s work in [Neugebauer and Sachs, 1945]
dividing the then known tablets into a number of geographical subgroups based on linguistic criteria, Høyrup presents
a similar analysis aiming to produce a “finer structure” for the corpus. This analysis broadly supports Goetze’s work,
although Høyrup has some more texts to work with that have been published since 1945, and subdivides some groups.
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“the resulting body of mathematics is sufficiently homogeneous to demonstrate the existence of some kind of formal
or informal coordination” (p. 359).
Besides his technical analysis of the arithmetical operations of Old Babylonian mathematics, Høyrup also presents
evidence for an argument that the general shape of Old Babylonian mathematics derives from a fusion of scribal Ur
III mathematics with a nonscribal tradition based in mathematical riddles.
Høyrup first described his ideas at length in the ground-breaking paper [Høyrup, 1990a]. Since then he has refined
and extended his analysis. LWS represents the culmination of his work. Much that appears in this volume can be
found (albeit with some difficulty) and often with more detail in earlier publications that were meant for specialists.
Complete publications of the central texts BM 13901 and YBC 4714 can be found in [Høyrup, 2001]; the “finer
structure” chapter largely summarizes and recapitulates the more extensive presentation in [Høyrup, 2000], and his
view of the surveyors’ tradition was first propounded in [Høyrup, 1990b]. Here, Høyrup has drawn together and
updated the key insights of his intellectual journey of the past 15 years and presented them in one unified, handsomely
produced volume. LWS is not an easy read, but it contains a wealth of information and can be mined by the interested
reader for years to come. It is a worthy testament to a career of deep scholarship.
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Euclid’s Data: The Importance of Being Given
Translated and annotated by Christian Marinus Taisbak. Copenhagen (Museum Tusculanum Press). 2003.
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Despite two modern translations, the collection of theorems in geometrical analysis known as the Data has re-
mained a largely unstudied text [McDowell and Sokolik, 1993; Thaer, 1962]. Although its central role in the field
of ancient geometrical analysis has been pointed out and sketched, very little effort has been made to show how
the theorems themselves functioned and what techniques they provided the ancient geometers. Algebraic interpreta-
tions, which have prevailed until recently, may provide some insight into underlying structures that can be found in
the objects described in the text, but they are no help if we want to read the Data to gain insight into the thoughts
